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EXERcISE 1.

Letay,...,a, € N,; with greatest common divisor 1. Then there are only finitely
many natural numbers not contained in the semigi{m, ..., a,}. Prove this
for n = 2 (Bonuspoint for genera).

(Hint: Forn = 2 use and prove the fact that + a,Z generate&/a,Z.)

EXERCISE 2.

Let A be a finitely generated free abelian groB@n A-graded commutative ring,
andl ¢ Ra homogeneous ideal. Show that a prime ideal if and only if the
following implication holds for anya € A: Forr,s € R, with rs € | it follows
relorsel.

(Hint: SinceA = Z9, one can use a suitable total orderingfto define a leading
term of an element iR. Then do induction.)

EXERCISE 3.

1. (Smith normal form Let M be an integraih x m-matrix. Then there exist
matricedJ € GL,(Z) andV € GL,(Z) such thatUMV is a diagonah x m-matrix
with entriesd,, ..., ds on the diagonal (calleBlementarteiley for s := min(n, m),
whered; dividesd;,; fori=1,...,s- 1.

Give a proof of this statement in the case- n = 2.

(Hint: Show that it is possible by subtracting a row (respectivebyyimn) from
another row (respectively, column) to finally get a matrixend the upper left
entry is the greatest common divisor of all entries.)

2. Application: Given generatotls,...,l, € Z" of a latticeL < Z". Form the
n x mrmatrix £ with columnsly, ..., |, Show thatA := Z"/L is isomorphic to
Z"* @7 | Z/dZ (in the notation of 1. foM := £). Moreover, ifAis free abelian
of rankd, thend = n — s, and theZ-linear mapzZ" — A = 7% is given by the
d x n-matrix consisting of the lagt rows ofU.



EXERCISE 4.

LetL :=< (-1,3,5,3),(3,-2,-8,-2) c Z* Does this define anflane semigroup
(in Z%/L)? Calculate the lattice ideél.

(Hint: In Maple you may want to use the following commands:
with(linalg): ismith(£); with(Polynomialldeals): Saturate();)



